In this paper, we establish new fixed point results for multi-valued operator on a cone metric space with respect to a solid cone by using the idea of the generalized Hausdorff distance due to Cho and Bae (Fixed Point Theory Appl. 2011:87, 2011). We also furnish some interesting examples which support our main theorems and give many results as corollaries of our result. As applications of our results, we obtain fixed point results for the multi-valued contraction operators in cone metric spaces endowed with graph. MSC: 47H10; 54H25
Introduction
In , Huang and Zhang [] re-introduced the concept of cone metric space which is replacing the set of real numbers (as the co-domain of a metric) by an ordered Banach space. They described the convergence sequence in this space via interior points of the cone and also introduced the concept of completeness. By using these concepts, they proved some fixed point theorem for contractive type mappings which is a generalization of Banach's contraction principle. Afterward, many authors studied and extended fixed point theorems in cone metric spaces (see [-] and references therein).
In , Janković et al. [] showed that most of the fixed point results for mappings satisfying a contractive type condition in cone metric spaces with normal cone can be reduced to the corresponding results from metric space theory. They also give some examples and showed that fixed point theorems from ordinary metric spaces cannot be applied in the setting of cone metric spaces whenever the cone is non-normal. In fact, the fixed point problem in the setting of cone metric spaces is appropriate only in the case when the underlying cone is non-normal with non-empty interior (such cones are called solid) because the results concerning fixed points and other results in this case cannot be proved by reducing to metric spaces. So fixed point results in this trend are still of interest and importance in some ways.
On the other hand, a study of fixed point for multi-valued (set-valued) operators was originally initiated by von Neumann [] in the study of game theory. In , the development of geometric fixed point theory for a multi-valued operator via the concept of Haus-http://www.fixedpointtheoryandapplications.com/content/2014/1/142 dorff distance was initiated with the work of Nadler [] , usually referred to as Nadler's contraction principle. Many authors in [-] proved fixed point theorems for multi-valued operators in cone metric spaces which are generalizations of classical Nadler's contraction principle.
Recently, Cho and Bae [] first introduced the concept of the generalized Hausdorff distance operator in cone metric spaces and initially studied fixed point results for a multivalued operator via such a concept in cone metric spaces. Most recently, Kutbi et al. [] established fixed point results for multi-valued operator under the generalized contractive condition via the generalized Hausdorff distance operator of Cho and Bae [] .
In this paper, we establish new fixed point results for multi-valued operator by using the idea of generalized Hausdorff distance in the context of cone metric spaces with respect to a solid cone. Our results unify, generalize, and complement results of Kutbi et al. [] and many results from the literature. Also, we furnish some interesting examples which support our main theorems.
As an application, we analyze the fixed points for the multivalued contraction operators in cone metric spaces endowed with a graph.
Preliminaries
Throughout this paper, we denote by N, R + and R the sets of positive integers, nonnegative real numbers and real numbers, respectively. Now, we recall some definitions and lemmas in cone metric spaces and the notion of the generalized Hausdorff distance operator of Cho and Bae [], which will be required in the sequel.
Let (E, · E ) be a real Banach space and θ be a zero element in E. A subset P of E is called a cone if the following conditions are satisfied:
(C  ) P is non-empty closed and P = {θ }; (C  ) ax + by ∈ P for all x, y ∈ P and a, b ≥ ; (C  ) P ∩ (-P) = {θ }.
For a given cone P ⊆ E, we define a partial ordering with respect to P by x y if and only if y -x ∈ P and x ≺ y stands for x y and x = y, while x y stands for y -x ∈ int(P), where int(P) denotes the interior of P.
The cone P is said to be normal if there exists a real number K >  such that for all x, y ∈ E,
The least positive number K satisfying the above statement is called the normal constant of P. In , Rezapour and Hamlbarani [] showed that there are no normal cones with normal constant K < .
Definition . ([]
) Let X be a non-empty set and P be a cone in real Banach space E. If a function d : X × X → E satisfies the following conditions: . If for every c ∈ E with θ c, there is N ∈ N such that d(x n , x) c for all n ≥ N , then {x n } is said to converge to x. This limit is denoted by lim n→∞ x n = x or x n → x as n → ∞. . If for every c ∈ E with θ c, there is N ∈ N such that d(x n , x m ) c for all n, m > N , then {x n } is called a Cauchy sequence in X. . If every Cauchy sequence in X is convergent in X, then (X, d) is called a complete cone metric space.
Remark . The cone metric is not continuous in the general case, i.e., from
is a cone metric space with a normal cone P, then the cone metric d is continuous (see (PT  ) If c ∈ int(P) and {a n } is a sequence in E such that θ a n for all n ∈ N and a n → θ as n → ∞, then there exists N ∈ N such that for all n ≥ N , we have a n c. 
for all A, B ∈ CB(X), is the Hausdorff distance induced by d.
) be a cone metric space with cone P in real Banach space E.
In , Samet et al. [] introduced the idea of an α-admissible mapping and proved a fixed point theorem for a single valued mapping by using this concept. They showed that these results can be utilized to derive fixed point theorems in partially ordered spaces and also applied the main results to ordinary differential equations. Afterward, Asl et al. [] introduced the concept of α * -admissible operator, which is multi-valued version of the α-admissible mapping provided in [] .
Definition . ([])
Let X be a non-empty set, F : X →  X , where  X is a collection of non-empty subset of X and α : X × X → [, ∞) be a mapping. We say that F is α * -admissible if the following condition holds:
Recently, Mohammadi et al.
[] extended the concept of α * -admissible operator to α-admissible operator as follows.
Definition . ([])
Let X be a non-empty set, F : X →  X , where  X is a collection of non-empty subset of X and α : X ×X → [, ∞) be a mapping. We say that F is α-admissible whenever for each x ∈ X and y ∈ Fx with α(x, y) ≥ , we have α(y, z) ≥  for all z ∈ Fy.
Remark . If F is α * -admissible, then F is also α-admissible.
Fixed point results for multi-valued operators
In the following, we always suppose that be a family of functions ψ :
Remark . From (i), we obtain ψ(t) t for all t ∈ P.
Definition . Let (X, d) be a cone metric space with cone P in real Banach space E, ψ : P → P and α : X × X → [, ∞) be two given mappings. The multi-valued operator
for all x, y ∈ X, Theorem . Let (X, d) be a complete cone metric space with solid (normal or non-normal) cone P in real Banach space E, α : X × X → [, ∞) be a given mapping, ψ ∈ and F : X → CB(X) be an α-ψ-contraction multi-valued operator. Suppose that the following conditions hold:
is, F has a fixed point in X.
Proof We start from x  and
This implies that
It follows from F being an α-ψ-contraction multi-valued operator that
and hence
Inductively, we can construct a sequence {x n } in X such that
for all n ∈ N. If there exists n * ∈ N such that x n * - = x n * , then x n * - is a fixed point of F.
This finishes the proof. Therefore, we may assume that x n- = x n for all n ∈ N. From (.), we obtain
Fix c ∈ E such that θ c. Using the property of ψ, we get θ c -ψ(c).
This shows that {x n } is a Cauchy sequence. By the completeness of X, we get x n → u for some u ∈ X. Using (.) and (c), we obtain α(x n , u) ≥  for all n ∈ N. Now, we have
for all n ∈ N. Therefore, we can choose v n ∈ Fu such that
and so
for all n ∈ N. Therefore, we have
for all n ∈ N. Since x n → u as n → ∞, for a given c ∈ E with θ c, there is N ∈ N such that
for all n ≥ N . Hence, we have lim n→∞ v n = u. Since Fu is closed and v n ∈ Fu for all n ∈ N, we obtain u ∈ Fu. This implies that u is a fixed point of F. This completes the proof. 
for each f ∈ E, where θ := f  ∈ E which is defined by f  (t) =  for all t ∈ [, ]. Define cone P in E by
This cone is solid but non-normal (see [] ).
Let X = [, ] and define cone metric d : X × X → E for each x, y ∈ X as follows:
and
Now we show that F is an α-ψ-contraction multi-valued operator with ψ :
which implies that ψ(d(x, y)) ∈ α(x, y)s(Fx, Fy). Otherwise, it is easy to see that ψ(d(x, y)) ∈ α(x, y)s(Fx, Fy).
Therefore, F is an α-ψ-contraction multi-valued operator. Next, we show that our results in this paper can be used for this case. It is easy to see that F is an α-admissible operator and there exist x  =  and x  = / ∈ Fx  such that α(x  , x  ) = α(, /) ≥ . Also, we see that condition (c) in Theorem . holds. Therefore, all the conditions of Theorem . are satisfied and so F has a fixed point. 
F : X → CB(X) be an α-ψ-contraction multi-valued operator. Suppose that the following conditions hold:
(a) F is α * -admissible operator; for all x, y ∈ X, where k ∈ [, ). Suppose that the following conditions hold:
Then there exists a point x
* ∈ X such that x * ∈ Fx * , that is, F has a fixed point in X.
Proof By taking ψ(t) = kt for all t ∈ P in Theorem ., we get this result.
Corollary . Let (X, d) be a complete cone metric space with solid (normal or nonnormal) cone P in real Banach space E, ψ ∈ and F : X → CB(X) be multi-valued operator such that
for all x, y ∈ X. Then there exists a point x * ∈ X such that x * ∈ Fx * , that is, F has a fixed point in X.
Proof By taking α(x, y) =  for all x, y ∈ X in Theorem ., we get this result.
Corollary . Let (X, d) be a complete cone metric space with solid (normal or nonnormal) cone P in real Banach space E and F : X → CB(X) be multi-valued operator such that kd(x, y) ∈ s(Fx, Fy) (  .  )
for all x, y ∈ X, where k ∈ [, ). Then there exists a point x * ∈ X such that x * ∈ Fx * , that is,
F has a fixed point in X.
Proof By taking ψ(t) = kt for all t ∈ P and α(x, y) =  for all x, y ∈ X in Theorem ., we get this result.
By Remark ., we get the following results. http://www.fixedpointtheoryandapplications.com/content/2014/1/142
Corollary . Let (X, d) be a complete metric space, α : X × X → [, ∞) be a given mapping and F : X → CB(X) be multi-valued operator such that
for all x, y ∈ X, where k ∈ [, ). Suppose that the following conditions hold:
Then there exists a point x
Corollary . ([]) Let (X, d) be a complete metric space and F : X → CB(X) be multivalued operator such that
F has a fixed point in X.
Next, we give a lemma which is useful to prove the second main result. Moreover, this lemma is also a tool for analyzing fixed point results in a directed graph in Section . 
Proof It easy to see that (c) ⇒ (c ). Now assume (c ) holds and {x n } is as in (c).
Using Lemma ., we have the following result. 
Then there exists a point x * ∈ X such that x * ∈ Fx * , that is, F has a fixed point in X.
Fixed point analysis with graph
Throughout this section let (X, d) be a cone metric space. A set {(x, x) : x ∈ X} is called a diagonal of the Cartesian product X × X and is denoted by . Consider a directed graph G such that the set V (G) of its vertices coincides with X and the set E(G) of its edges contains all loops, i.e., ⊆ E(G). We assume G has no parallel edges, so we can identify G with the pair (V (G), E(G)). Moreover, we may treat G as a weighted graph by assigning to each edge the distance between its vertices. If x and y are vertices in a graph G, then a path in G from
A graph G is connected if there is a path between any two vertices. Also, G is weakly connected ifG is connected, whereG is the undirected graph obtained from G by ignoring the direction of the edges.
Recently, some results have appeared providing sufficient conditions for a single valued mapping and a multi-valued operator on some space which is endowed with a graph to be a Picard operator. The first result in this direction was given by Jachymski [] .
In this section, we give the existence of fixed point theorems for multi-valued operator in a cone metric space endowed with a graph under the generalized Hausdorff distance. Before presenting our results, we will introduce new definitions in a cone metric space endowed with a graph. Definition . Let (X, d) be a cone metric space (with cone P in real Banach space E) endowed with a graph G and F : X → CB(X) be multi-valued operator. We say that F weakly preserves edges of G if for each x ∈ X and y ∈ Fx with (x, y) ∈ E(G) it is implied that (y, z) ∈ E(G) for all z ∈ Fy. Definition . Let (X, d) be a cone metric space (with cone P in real Banach space E) endowed with a graph G and ψ ∈ . A multi-valued operator F : X → CB(X) is said to be a ψ-G-contraction if
for all x, y ∈ X with (x, y) ∈ E(G). If ψ defined by ψ(t) = kt for all t ∈ P, where k ∈ [, ), then F is said to be a generalized Banach G-contraction. for all x, y ∈ X for which (x, y) ∈ E(G), where k ∈ [, ), is a ψ-G-contraction by using Remark ..
Example . Any mapping F : X → CB(X) defined by Fx = {a}, where a ∈ X, is a ψ-Gcontraction for any graph G with V (G) = X and all ψ ∈ .
Example . Any mapping F : X → CB(X) is trivially a ψ-G-contraction, where G = (V (G), E(G)) = (X, ).
Definition . Let (X, d) be a cone metric space (with cone P in real Banach space E) endowed with a graph G. We say that X has the G-regular property if given x ∈ X and sequence {x n } in X such that x n → x as n → ∞ and (x n , x n+ ) ∈ E(G) for all n ∈ N, then (x n , u) ∈ E(G) for all n ∈ N.
Definition . Let (X, d) be a cone metric space (with cone P in real Banach space E) endowed with a graph G. We say that E(G) is quasi-ordered (or transitive) if (x, y) ∈ E(G) and (y, z) ∈ E(G) imply (x, y) ∈ E(G) for all x, y, z ∈ X.
Here, we give two fixed point results for multi-valued operator in a cone metric space endowed with a graph. 
